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1. Introduction 

The dispersionless KP hierarchy(dKP or Benney moment chain) is 
defined by 

(1) dt„X{z) = {X{z),Bn{z)}, n = l,2,---., 
where the Lax operator X{z) is 

oo 

(2) \iz)=Z + J2^n+lZ-'' 

1 

and 

BJz)=^- — i = 1,2,3,- ■■ ti = x. 
n 

Here [■■■]+ denotes the non-negative part of the Laurent series \^{z). 
For example, 

z^ z"^ 

B2 = — + V2, B^ = — + V2Z + V^. 

Finally, the bracket in ([T]) denotes the natural Poisson bracket on the 
space of functions of the two variables (x, z): 

(3) {f{x,z),g{x,z)} = d^fd;,g - d^gdj. 

1 
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The compatibility of ([T]) coincides with the zero- curvature equation 

(4) dmBn{z) - dnBm{z) = {Bn{z) , Bm{z)} . 

If we denote t2 = y and ts = t, then the equation (jlj) for m = 2, n = 3 
gives 

V3x = V2y 

VSy = V2t - V2V2X, 

from which the dKP equation is derived(t'2 = v) 

(5) Vyy = {Vt - VV^)^. 

According to the dKP theory [H [TTl [131 126] , there exists a wave func- 
tion S{X, X, t2, ts, ■ ■ ■ ) such that z = and satisfies the Hamiltonian- 
Jacobian equation 

(6) ^ = 5„(.)|.=5,. 

It can be seen that the compatibility of ([6]) also implies the zero- 
curvature equation (jl]). Now, we expand Bn{z) as 

n n ^ — ^ 

i=0 

where the coefficients can be calculated by the residue form: 

1 dB (z) 

Gin = -resx=oo{\'Bn{z)d\) = — -res, =ociX'^^ ^ — dz), 

t + 1 oz 

from which the symmetry property 

Gin Gni 

can be easily deduced. Moreover [2B], it can be shown that the poly- 
nomials Bn must satisfy the integrability condition 

df df ' 

from which in turns follows the integrability of the coefficients Gin-, i.e., 
there exists the free energy (dispersionless r function) such that 

d-:F 



dtidtn 

This latter function may be for example used to invert formula ([2]) 

^11 ^12 ^13 -^14 



(7) z = \ 



A 2A2 3A3 4A4 
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where T\n are polynomials of f2, ^^3, ■ ■ ■ , fn+i and in fact 

(8) hn = — ^ = reSz=oo—dz 

n n 

are the conserved densities for the dKP hierarchy ([T]). In [3l H], it's 
proved that dKP hierarchy ([T]) is equivalent to the dispersionless Hirota 
equation 

(9) Dimx') = -log'-^^^-'^^'^ 



where D{X) is the operator Xl^i T^w;; 



A 

Next, we consider the symmetry constraint [2] 

M 

(10) = ^e,5„ 

i=l 

where Si = S{Xi), Aj are points in the complex plane and ej are con- 
stants. Notice that from we know 

D{X)T, = X-z. 

On the other hand, by ([9]) and (|TOl) . we also have 



i=l 1=1 
M M 

i=l i=l 

where z = z{X) and = z{Xi). We assume that 

M 
i=l 

and then we get the waterbag reduction [21 [18] 

M 

(11) A = z-^ean(2-pO 



i=l 

00 



n=l 



(12) = - + 



where Vn+i = \ YltLi ^i{p^Y- From this we obtain 



1 *^ 
52(2:) = -2;2 + 5^Qp 



i=l 
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So {h 
(13) 



y) 



dyp' 



i\2 



M 



In [5], the two- component case of (fT3!) is investgated. We see that the 
equation (fT^ can be written as the Hamihonian system 



pi 






1 

~ 2 







^ 
^ 

£2 












1 

CM 





" - 
















SH3 




. Sp'^ - 



where 6 is the variation derivative and 

1 
3 



dxRes{X^dz) = / dx{v2 + 



M 



M 



=1 i=i 

A bi-Hamiltonian structure is defined as (in the case of dKP) 



pi 




1 


r 1 

<5pi 

5Hz 
Sp'^ 


= J2 


" 5H " 

<5pi 
SH 
5p'^ 


. P^ . 


y 




SH3 

L J 




SH 

. sp^ . 



where 



Ji 







i 
















1 



and J2 is also a Hamihonian operator, which is compatible with Ji, i.e., 
Ji + c J2 is also a Hamiltonian one for any complex number c [8l [El [20] . 
We hope to find J2 and the related Hamiltonian H. 

Furthermore, from the bi-Hamiltonian structure fl24p or fl26p (see be- 
low) of the waterbag model fill I) , we also find the recursion operator 
R in ([25!) (see below) is local. Then, according to the bi-Hamiltonian 
theory [TU [22], one can construct rational symmetries using the local 
recursion operator i?(equation (125!) ). Hence the higher-order rational 
conserved densities (quasi-rational functions) are investigated. 
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This paper is organized as follows. In the next section, we con- 
struct the the bi-Hamiltonian structure of the waterbag model from 
the Landau-Ginsburg formulation in topological field theory. Section 
3 is devoted to investigating the quasi-rational symmetries and the 
corresponding conserved densities of the waterbag model. In the final 
section, one discusses some problems to be investigated 

2. Free energy and bi-Hamiltonian structure 

In this section, we investigate the relations between bi-Hamiltonian 
structure and free energy of waterbag model. 

The free energy is a function ¥{t^, t"^, - ■ ■ , t") such that the associated 
functions, 

satisfy the following conditions. 

• The matrix r]ij = cuj is constant and non-degenerate. This 
together with the inverse matrix r]^^ are used to raise and lower 
indices. 

• The functions c*;, = rf^c^jk define an associative commutative 
algebra with a unity element (Frobenius algebra). 

Equations of associativity give a system of non-linear PDF for F(t) 



I ' C\-Lii C^J.'*v ClJ-iT C\-Lrv ClJ.'V Cl J. \ ' 



These equations constitute the Witten-Dijkgraaf-Verlinde-Verlinde (or 
WDVV) equations. The geometrical setting in which to understand 
the free energy ¥{t) is the Frobenius manifold [8| [9]. One way to 
construct such manifold is derived via Landau- Ginzburg formalism as 
the structure on the parameter space M of the appropriate form 

A = X{z;t\t\--- 

The Frobenius structure is given by the flat metric 

ffi d{\dz)d'{Xdz) 

and the tensor 

d{Xdz)d'{Xdz)d" (Xdz) 
dd, d,d) = -J2 res,,M } 

defines a totally symmetric (3, 0)-tensor Cijk- 

Geometrically, a solution of WDVV equation defines a multiplication 

o:TM xTM — ^ TM 



6 JEN-HSU CHANG 

of vector fields on the parameter space M, i.e, 

From c^^(t), one can construct intrgable hierarchies whose correspond- 
ing Hamiltonian densities are defined recursively by the formula 

/92 / (O 

^ ^ dt'dP dt^ ' 

where / > l,a = 1,2,- ■■ ,n, and ■0° = rjaet^- The integr ability con- 
ditions for this systems are automatically satisfied when the cf^ are 
defined as above. 

For the waterbag model (fTTl) . we have the following 



Theorem 2.1. 

, d 6 
'dp^' dpj 



d d 

^(^'^) = riij = -(^i^i,j ^, i = 1,2, ■ ■ -M; 



Cap-y = 0, a, /?, 7 distinct] 



d d 


d 




dp'y 


d d 


d 






, d d 

r _ 


d 



'dp"' dp"' dp^' = = + 



Let's define 



M r. 

o 



i=l 



Then we can see that 

From the theorem, one can get the free energy associated with the 
waterbag model ffTT]) . noting that are fiat coordinates, 

1 ^' 1 
(17) ¥{p) = -g E '^^P'f + 8 5^ '^'^^^^ - P'^' - 

k=l i^j 

where p = ■ ■ ■ and from f|T6|l one has 

M 

4=1 
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Also, we have 



0, a,/5,7 distinct^ 



pa _ 



e/3 



pa _ pP'' 



13 



pa _ pT 



If we define e,- = ^ = then it's not difficult to see that 



(18) 
where 



«=J, 

0, ^ ^ J. 

Hence we have the recursion relation 
d'^K _ _d_ 
dp^dp> dp 



Qi 



op' up^ 



z-p^ 



loo Z-p' Z-pi 



' dz+ 4) A"-i — ( — '—)dz 
^ dp' z-p) 



dX 



A"-^«,e, + Q.,)-- X--'-{—L-)dz 



dz z — p^ 



, n-2 



d 



(19) 



- 1)4 



z-p^ 
X^'-^dz 



d 



n-l "^J 



Z — 



)dz 



ij Qpk ' 



n > 1. 



Morever, we also have 
C^dp.)hn 

i 

(20) 

We can express ( TT9i) as 



>'00 •_i 



-)dz 



z — p' 
d\ 

X^-\l-—) = in-l)K_,. 



dp^ 



n - l)'n^^d,_ 



kl^-l 

X 



a^F , dhn-i 



^dpiQpl Qpk 
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where 



0^0 










... ^ 

CM -I 

Therefore we obtain the recursion operator |19 



TDK 

-ft. 



(21) 

where 
(22) 



Ml 



kl 



QpiQpl 



p 



62 ln(p^ — p"^ 



ei ln(p2 - p^) p^ - J2i^2 Ii^Ip^ ~ 



ei ln(p — p ) 



62 la{p'-^ — p^) 



Then 



(23) 



dhn 

dhn 



dh„ 
QpM J 



(n- l)(n-2)i?2 



dh„ 2 

dhn-2 

dp^ 



dh„ 



eMln(p^-p^) 
eM ln(p2 - pM) 

p^'-Ei^m^Mp^'-p') 



Also, it's known that the Hamiltonian operators [I6l[17j(see also [19 
Ji = v''d, 

M M 



m=l a=l 



dp' dp"" dp'' ^ dp^'dp'dp- 



M M 



m=l a=l 
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are compatible. Consequently, using (!23l) or = Jf , we obtain 
the bi-Hamiltonian structure for the waterbag model (fTTj) . n >2, 

n I (in ^^n+l 

dtj = — V dx^r— 
n op^ 

(24) = -{n-l)r^--{Wl).d~\Wi,).^, 

where W is defined by ( l22l) . 

For n = 2, i.e. ffT^ . one can directly verify the bi-Hamiltonian struc- 
ture dMD- 

Remark : Using the Legendre-type transformation for WDVV equa- 
tion in [8], we can introduce new fiat coordinates from the first row 
vector of (|22D 



ai 

au = ln(pi-/), A; = 2,3,4,--- , M. 
The inverse transformation of above equation is 

M 

i=l 
M 

/ = ^eiai-e'^^ A; = 2, 3, 4, ■ ■ ■ , M. 

i=l 

Then the new free energy satisfying the WDVV equation is 



2 

l<m<k 

where 

,3 



and Lis{e^) is defined by 
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which has the properities 

Lhie'^) = -ln(l - e^), Lzg'le^) = cothx = ^ ^ ^ . 

e — e 

Using the different row vectors of (122!) . we can obtain different ffat 
coordinate systems and then get different free energies using the Le- 
gendre transformation. 



3. Higher-order Symmetries and conservational Laws 



In this section, we investigate the symmetries and the conserved 
densities of waterbag model involving quasi-rational function. Quasi- 
rational means rational with respect to higher derivatives . This will 
generalize the results in [23] 

We start with the recursion operator (|2T|) . it can be seen that 



(25) 



R= JiR'^J^' = d,{W,)-^ 



is the Sheftel-Teshkov recursion operator [19] . And the bi-Hamiltonian 
structure can also be written as (n > 2) 



(26) 



p 

p2 



P 



M 



tji 



n 



-Ji 



dh„+i 
dhn+i 



'-V. 



n(n + l)(n + 2 



-J2 



dhn+3 

dp'' 

dhn + 3 



dh„ 



the Hamiltonian operator J2 = IxJi being third order. Also, 



(27) 



R 



dhn 

dhn 
dp^ 



dhn 

dp^' 



dhn 



{n-l) 



dhn-1 

dp^ 

dhn-1 
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Next, we can express (fT3|) as 



11 





pi 




pi 


(28) 




= m 


p2 






y 





where 



m 



P + ei £2 



ei 



P + 62 63 
62 P^ + 63 



62 



63 



6m 
6m 
6m 

6m 
P""' + 6M 



We notice that {dy — dxM.) is the Frechet's derivative operator for the 
system ( l28l) . It is not difficult to see that if 



dTP = Qip,Px,Pxx, ■■■) 
is commuting flow with fl28|) . then we have 

(29) dyQ = dx{MQ). 

Lemma 3.1. ; Let W be defined in (!22|) . Then 

(1) dyW = mdxW ; 

(2) m^w = {dxW)m. 

Proof. Direct computations. 



□ 



Theorem 3.2. The recursion operator R satisfies the Lax representa- 
tion 



(30) 



12 JEN-HSU CHANG 

Proof. Using the lemma, we get 



OR 

dy 



dy 



d4{W,r'W,y{W^)-'] 



□ 



Hence from the theorem one knows that the Frechet's derivative 
operator and recursion operator commute, i.e., 



Morever, if we let (H2 



p 

p2 



P 



M 



-1) 



n 



Ji 



I = R{dy 






dh„+i 




pi 


dh„+i 
dp^ 


= M„ 




dh„+i 
I dp^^ J 







where 



H„ = - 



1 




1 




1 




1 




ei 




ei 


dp^dp^ 


ei 


dp^dp^ 


ei 


QplQpM 


1 




1 


d h„+i 


1 




1 




£2 


dp^dp^ 


£2 


drP'dp^ 


£2 


drp-dp^ 


f-2 


dp^dp^^ 


1 




1 




1 


d h„+i 


1 




1:3 


dp'^dp^ 




dp'^dp^ 


1:3 


dp'^dp^ 




dp^dp'^^ 


1 




1 




1 


d^h„+i 


1 


d^h„+i 




dp^'dp^ 


<^AI 


dp^^dp^ 




QpM Qpi 


CM 


QpM QpM J 



then from (1271) we also yield 

(31) {dt^ - dA)R = R{dt„ - d^n). 

Therefore we obtain the following 
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Theorem 3.3. Let hn+i he defined by ([HD and Qm be the flows defined 
by 

^1 



Pr 



p. 
p2 



P 



M 





xpl 




' 1 " 


m — -R™ 


xpl 


= FT-^ 


1 




. ^P^ 




_ 1 _ 



Then is a commuting flow with pt,^, i.e., Pt„trm = Ptr^tn provided 
m > n 



Proof. Let's denote 



XPx 



XPx 

xpl 



M 

xpf 



(I) Firstly, one proves 



R{xpx) 



or 



XPx 



' 1 " 




X 


1 




x 








1 




X 



where W is defined by (12^ . A direct computation can obtain this. 
(II) Secondly, using fl29|) and fl3T]) . we have 

{dt„-dMn)Qm = {dt„-dMn)R"'{xp.) 

= R'^idt^ - dMn){xPx) 

= R'^[xdM.-M^p,)-Il^p^] 

= -R'^iPtJ = -n{n - l)(n - 2) ■ • ■ (n - m + l)pn-m, 
which vanishes if m > n by (p7|) . 

□ 
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According to the bi-Hamiltonian theory [TH [22] , we can also express 



T2m+1 



as 



p 

p2 



p 



M 



R 



2m+l 



T2m+1 



xpl 
xpl 



xp^ 



dhr, 



(32) 



9pi 

dhm-k 



dh„ 



-OO < k < m, 



where h'^s are Hamiltonian densities, m = 1, 2 ■ ■ ■ , with m indicating 
the order of derivatives on which they depend, and 



M 

ho = ~xC^ eip' 

i=l 



~xhi. 



We notice that the Hamiltonian densities hm for m > 1 are rational 
functions in derivatives and can be obtained using the method de- 
scribed in p. 69 of [6J. But the computation is involved and we don't 
go further here. One also remarks that the ho is not conserved density 
of 1^. 

From the theorem, one knows that Pr2„+i commutes with pt„ pro- 
vided 2m + 1 > n. Inspired by [23j(see also [2ll [25]), we have the 
following 

Conjecture: hm are conserved densities of pt„ provided 2m + 1 > n. 

In particular, when n = 2, we get that for all hm, m = 1, 2, ■ ■ ■ , they 
are conserved densities of (IT^ . 
Remark: The Riemann invariants of fll3p are 



where 



Xi = X{ui), 



and the associated Lame cofficients Sj are defined by 

{dzf 



(A) = Resu, 



dX 
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where A = (Ai,A2,--- ,Aa/). Then it's shown that ( fT3l) has the con- 
served density |25] 

M ^2 

k=i 

One can beheve the following identity 

hi = /i(A, A^), 
(up to some scaling)but a proof is still unknown. 

4. Concluding Remarks 

We establish the bi-Hamiltonian structure ( l26l) (or ( l24l) ) of the wa- 
terbag model ( |TT|) using the free energy ( ITTj) ( or Theorem 2.1) of 
topological field theory associated with it. It turns out that the bi- 
Hamiltonian structures consists of first-order and third-order Hamilton- 
ian operators when compared with the compatible Dubrovon-Novikov 
Hamiltonian operators [TJ [8]. The reason is that the waterbag model 
(fTTj) has no Euler vector field or the free energy (fT7|) has no quasi- 
homogeneous property. In this situation, it's shown that there is com- 
patible Hamiltonian operators of first order and third order using such 
free energy [161 [T71 [IS] . the other hand, since the recursion operator 
(123]) is local, it's natural to think about the rational symmetries of wa- 
terbag, which tries to generalize the results in [23J to n-component case. 
We conjecture that hm {m > 1) is a conserved density of quasi-rational 
function for the hierarchy under the constraint 2m + 1 > n. These 
conserved densities are related to the degenerate Lagrangian represen- 
tations in flat coordinates for the hierarchy of waterbag model (see 
[TS] [21]). In Riemann's invariants, these Lagrangian representations 
are investigate in [TU] . 

One believes that these results can be generalized to waterbag model 
of dToda P]. But the computation are more involved and should be 
addressed elsewhere. 
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